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The Levy-Ito Decomposition Theorem 

by J.L. Bretagnolle 

Translation and notes by P. Ouwehand 


Abstract 

This a free translation with additional explanations of Processus a Accroissement Inde¬ 
pendants Chapitre I: La Decomposition de Paul Levy, by J.L. Bretagnolle, in Ecole d’Ete 
de Probabilites, Lecture Notes in Mathematics 307, Springer 1973. The Levy-Khintchine 
representation of infinitely divisible distributions is obtained as a by-product. 

As this proof makes use of martingale methods, it is pedagogically more suitable for 
students of financial mathematics than some other approaches. It is hoped that the end 
notes will also help to make the proof more accessible to this audience. 


1 Levy processes 

Definition 1.1 Let (11, T, P, (7y)t) be a filtered probability space. A stochastic process X = 
{Xt)t with values in M” is said to be an n-dimensional Levy process if 

(a) X is adapted to {Xt)t (i-e. Xt is Jd-measurable for all t > 0). 

(b) Xq = 0 a.s. 

(c) Xtj^s — Xt is independent of Jd, and has the same law as Xg, for all s, t > 0. 

(d) {Xt)t is continuous in probability. 

□ 

Consequences: Put <y9t(u) := where {u,v) represents the inner product on 

M"'. From (d), the (pt{u) are continuous in the pair {t,u). From (b), ipo{u) = 1. From (c), 
ipt+s{u) = ipt{u)ips{u), SO ipt(u) y 0 for any (t,u). One can thus write where ^ 

is a continuous function null at 0. 

Conversely, if p is a continuous function null at 0, and such that for all t > 0, (pt(u) := 
g-ty(n) -g positive definite (which means that for each choice of finitely many Uj,Xj we have 
Yli j — Uj) > 0 ^), then, by Bochner’s theorem, iptiu) is the Fourier transform of a 

probability measure on M"". One can therefore construct a projective family of measures on 
(]^n)K+ formula 

-hd“Atn)] = - ^U„,Xt^)-\ - 

= ipt^{ui^ -h Un) • Pt2-H (“2 H- VUn)... {Un) 

for all finite choices of 0 < < • • • < fn- The process {Xt)t on (M"')®^, given by Kolmogorov’s 

Theorem, clearly adapted to the natural filtration Tj := a{Xs ■ s <t), possesses the properties 
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(a), (b), (c), (d), because the fact that Xt+s — > 0 in probability when s 4- 0 is an immediate 

consequence^ of the fact that (psiu) 1 when s 0. Thus there is a Levy process to each V’ 
possessing those properties. 

Theorem 1.2 Suppose that S is a countable subset o/M'*'. Then there exists a ¥-nuU set N 

such that on N‘^ the map t Xt has left- and right limits along S (lag, lad). If one defines 

Yt := lim Xg on N‘^, and 0 on N, then Y is adapted to Tt, where Tt is the completion of Xt in 
seS,sit 

X, i.e. completed by all the null sets of X (or \J^Xt). Moreover, Y is cddldg (Continue a droite, 
pourvu limites a gauchej. Finally, Y is a modification of X, i.e. for all t (^{Xt ^ Yt) = 0. 

Proof: Suppose that u G Q"’, and that M)) is defined by M“ := For each u, {Mt)t 

is a (complex) martingale, thus, save for a null set N'^, laglad along S (see for example Neveu 
p. 129-132)^ Left and right limits along S therefore exist simultaneously for all the M“, except 
for the null set N := IJueQ" Suppose that, for uj € the map s i-7> Xs{oj) could have 
two distinct cluster points a,b as s tends (t or 4-) to t. One can always hnd a tt G Q"' such 
that {u, b — a) ^ 2z7rZ; hence this is impossible^ . Hence X is laglad along S on N'^, and Y is 
cadlag. By dominated convergence, we have = lim^it = 1, because 

Xt is continuous in probability. Thus P(Y) ^ Xt) = 0®. Finally, Because Xt = Yt a.s., Y is 
adapted to {Xt)t- 


H 

Consequence: If we have a Levy process in the sense of Definition 11.11 one can now take 
for X the regularised (i.e. cadlag) version Y, and for Xt one can take cr{Xs : s <t). We now 
study a fixed Levy process X (if one exists), and also fix {Xt)t for the remainder of this chapter. 

Theorem 1.3 (0-1 Law) 

If we define J-)+ := ns>t-Fsj then = Xt 

Proof: Xt+ may be considered as a countable intersection, since Xu T Xu when u < v. Thus 
if ti < t 2 , we have |J-)+], a common version being 

If ti > t 2 , then® 


E[gi(«Ai)|jr + ] limE[e*<“’^*i>|T4] 

2 s4,t2 

hme*<“’^^Vti-.(^) 

Sit2 

K[e^(^’^*i^\Xt^] 

Thus for all u,s we have |J-)]. The two conditional expectations 

are equal a.s. for all random variables dI^Xs) ^ hence for all^ Vt-Ft~measurable random 
variables. 


H 

Henceforth, therefore, {Xt)t is right-continuous: J-)+ = Xt. (In particular, H G To = T'o+ 
implies P(H) = 0 or 1.) 
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Theorem 1.4 (Strong Markov property) 

If T is a stopping time, then on {T < 00 } the process {Xt+i — ^T)t>o is a Levy process with 
the same law as X, adapted to {FT+t)t, cddldg, and independent of Ft- 


Proof: Suppose first that T is bounded, and let A G Ft- Take uj G Q", and t G M"*". Then 


E 


lAe 


* Fj Xr+tj -^T+tj_A 




on application of the optional sampling theorem to the martingales If T is not bounded, 

the formula remains true when applied to T A n and Atl {T < n} G Ft An- One can pass to 
the limit by dominated convergence, and hence the formula is true without restrictions. On the 
one hand it shows that Xt+i — Xt is independent of Ft, and on the other that XT+t — Xt 
has properties (a), (b), (c). It is clear that Xt+i — Xt is cadlag, thus a fortiori continuous in 
probability.® 


H 

Corollary 1.5 A Levy process which has amplitudes of discontinuities a-S- bounded has mo¬ 
ments of all orders- 

Proof: Suppose M is such that P(3t : \Xt — Xt-\ > M) = 0. Put Ti ;= inf{t||Xi| > M}, 
and Tn := inf{t ; t > T^-i, \Xt\ > M}. The right-continuity implies that the form a 

strictly increasing sequence of stopping times. Since \Xt — Xt-\ < M for all T, by iduction 
we have sup < 2nM, the strong Markov property implies that — Tn-i is independent 

S<Tn 

of Ft„_i, with the same law as Ti, and hence E[e“'^"] = = aT, where a < 1. Thus 

P(|^t| > 2nM} < F{Tn < t) < a", and hence there exists an exponential moment for Xt-^^ 


H 


2 Poisson Process 

This is an increasing adapted Levy process which grows only by jumps of amplitude 1. We will 
denote it by (A^i)t in what follows, with or without supplementary indices. 

If Ti ;= inf{t : W / 0}, then {Ti > t} = {Nt = 0}. Ti is a stopping time, P(ri > 

t s) = P(W+s — Nt = 0,Nt = 0), so by the strong Markov property, P(Ti > t s) = 

P(Ti > s)P(Ti > t). This function being decreasing and bounded, we have P(Ti > t) = 
for some a G M"'' (Ti > 0 a.s.). For a = 0, Nt = 0] if not, Ti is a.s. finite, and if we put 

Tn - Tn-i ■-= inf{t > 0 : iVt+T„ - Nt+T„.i > 0}, then Tn - T„_i is independent of 7r„_i and 

has the same law as Ti. 

Then P(W = n) = P(r„+i > t,Tn < t) = ^e-“^ ^1, and E[e*“^‘] = As this 

function is positive definite^^, then by the converse on p. 1, there exists a Poisson process^^ 
Finally (by Corollary 1.5), Nt '-= Nt — at and {Nt — at)"^ — at are integrable, and are martingales, 
as one immediately verifies^^ 
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Theorem 2.1 If M is a centered square-integrable martingale, N a Poisson process, then for 
all t. 


E[MtNt] = E 


- mt„-)I{ T„<t} 

n>0 


(where Tn are the jump times of N.) 


Proof: Suppose that Q = Iq < ti < t 2 < ■ ■ ■ < tn = t \s & partition of [0, t]. By using the 
martingale property of Mt and Nt := Nt — at repetitively, we obtain: 


E[MtNt] = E[MtNt] = E 




= E 




= E 




If the step size supj(ti+i — ti) tends to 0, 


n>0 


The proof is complete if one can show that the Lebesgue dominated convergence theorem is 
applicable: Now 


i+1 Mu){Nt 

i+1 



< 2 sup \Ms \ ■ Nt 

S<t 


and both factors are in (E[sup^<^ < 4E[|Mtp]) 


H 


3 The Decomposition of Paul Levy 

3.1 Jump Measure 

Let B be a Borel set in M” with 0 ^ B. By recursion, we define the stopping times 

5^ := inf{t > 0 : Xt - Xt-e B} SI := inf{t > : Xt - Xt_ G B} 

One easily verifies that , because of right-continuity, X{t, oj) is jointly measurable in (t, cj), hence 
the are stopping times adapted to Xt+, thus to Xt, by the 0-1 law. The right-continuity 
implies that > 0 a.s. and that Nt{B) := yj I{S"<t} < oo a.s. (If not, there would be a 

discontinuity of the second kind on the trajectory Xt^"^.) Nt{B) is therefore a Poisson process 
(see later), and we denote by viB) the parameter E[iVi(il)].^® For each cj, Nt{dx,u) defines a 
cr-finite measure on R"' — {0}, thus ^{dx) := E[iVi((ix)] is equally a cr-finite measure (> 0) on 
R” - {0}. 
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3.2 Associated Jump Processes 

Lemma 3.1 Let f be bounded measurable on B in Then 

[ fix) Ntidx) = ^ /(As- - Ass_)/{5S<t} 

Proof: If / is a step function , / = Ojlsj where Lbj = Ib, the integral is Yj o-jNtiBj) = 
Ylj <d)' family {Sf^} is the union of the {5'^.}, and the result follows^® 

for step functions /. Else, one approximates / uniformly by step functions... 

H 


Remark 3.2 In fact, for B a Borel set (0 ^ i? of course), it suffices that / be finite everywhere 
on B for the formula to be true, for NtiB) is finite a.s. for all t. In particular, we denote by 
XtiB) the quantity 

X Nt{dx) = y~](Agg - Xs^-)hs^<t} 

n>l 



□ 


Lemma 3.3 /g/(x) Ntidx), XtiB) are Levy processes adapted to iXt)t- 
Proof: Ntidx) is an adapted Levy process! 

H 

Lemma 3.4 Xt — XtiB) is a Levy process adapted to iXt)t- 

□ 

[To demonstrate that NtiB), XtiB) and Xt — XtiB) are adapted Levy processes, we note 
that conditions (a) and (b) are automatically satisfied, and that (d) follows from the cadlag 
property^^. Only (c) remains to be verihed. Now let Zt be one of the above-mentioned processes. 
Note that Zt+s — Zt € : u < t < t + s) is independent of Xt- The same goes for the 

stationarity of the increments'^... ] 

Xt — At((ix) does not have jumps of jamplitudej > 1 (by Lemma f3.1|l . is a Levy 

process adapted to (T))i (by Lemma FS.ip . and can thus be centered by a translation yt (by 
Corollary 11.51) . We may therefore restrict ourselves to the study of: 


3.3 The Levy Decomposition for centered Levy process with jumps bounded 
by 1 

Lemma 3.5 Suppose that B C {|x| > 1} is such that 0 ^ B, and that f : R” — >■ R is such that 
JIb is in L^(i/(dx)) (the jump measure vidx) has been introduced in Then we have 


and 


E 


IB 


fix) Ntidx) 


= t / fix) vidx) 
Jb 


E 


/ fix) Ntidx) - t / fix) uidx] 

'B JB 


= t / fix) vidx) 
Jb 
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Proof: If / is a step function, / = ajlsj, we have^^ 


E 


j 


= Y,ajmt{B,)]=tY,aju{Bj) 
j j 


For the second equation, note that if BiCiBj = 0, then by Theorem l2.1l we have E,[Nt{Bi)Nt{Bj)] = 
0^'^. For / not a step function, choose a sequence of step functions /„ such that fnls tends 
to JIb in L?‘{dv), and thus also in L^{dv). We then have convergence of the corresponding 
stochastic integrals in L^((iP) and L^{dF)?^ 


H 

We now introduce AI, the space of cadlag centered square-integrable martingales on (fl, E), 
adapted to We equip this space with the topology (of Frechet) induced by the family of 

seminorms qt{M) := K[M‘^]2 . From the classical inequality^® E[supM^] < 4E[Mj^] we deduce 

S<t 

that the gt-convergence of a sequence implies, with probability 1, the uniform convergence of 
the trajectories on the interval [0,t], and thus the limit is cadlag. gt-convergence equally implies 
convergence of the random variables in L^, and thus preserves the centeredness and martingale 
properties. In other words, M is closed in its topology. 

Lemma 3.6 If B is as above, and 

■Hs := |y f{x) Nt{dx) - t J f{x) v{dx) : JIb €2 {du) 

then TLb is a closed subspace of A4. 

Proof: We have^^ 

where ■= Jb /(^) ^t{dx) - t f{x) v{dx) : //^ €2 (dn). 

(a): For //s a step function, Mfj^ is a martingale in M., because to each Poisson process N 
corresponds the martingale Nt '■= Nt — E[iVi] in A4. As all L^(di^)-functions are limits of step 
functions, is a martingale in A4 as soon as fiB € L?‘{du). 

{/3): Now TLb is closed in A4, because gt-convergence also implies convergence in Lp‘{dv), by 


H 

Lemma 3.7 Let B be as in Lemma \d. ,51 If M ^ M is continuous at the times then M is 
orthogonal to TLb- 

Proof: By Theorem 12. 11 for all A C B and all t we have E[MtW(A)] = 0. Now, the {Nt{A)\A C 
B} generate TLb^^- 

Corollary 3.8 If Bi, B 2 are disjoint Borel sets, with 0 ^ Bi\JB 2 , then the processes {Xt{Bi))t 
and {Xt{B 2 ))t are independent Levy processes. 
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Proof: That they are Levy processes has already been demonstrated (Lemma [33]). If now 

pi{v,Xt{B2)) 

A/p __ 1 ■= —-_ 1 

i-i • 2,t • E[e*(«^A(B2))] 

then these two martingales are orthogonal, by Lemma 13.71 We have Vs, t G Vu, v € 
M"" (E[MfjM 2 5 ] = 0 ), which ensures^*’ their independence. 

H 

Now put 

Yt{B) := Xt{B) - = Xt{B) -t [ x u{dx) 

Jb 

Then Y is both a Levy process and a martingale in Af. If we define 

n 

and An := |J Bk 

k=l 

then the Y(Bk) are pairwise independent, and X — Y{An) and Y{An) are orthogonal, and even 
independent (retrace the proof of Corollary 13.81) . Consequently, the series (sum) of the Y{Bk) 
converges in and thus in Ad, to a Levy process X'^, while X — Y{An) converges to a Levy 
process X'^ in Ad.^^ 

Thus^^: 

Lemma 3.9 Xt = X^ + Xf, where X^ is a martingale with continuous sample paths, and 


Bk ■= 


1 , , 1 

1 - 7 < a: < - 

k + 1 k 


Xf := f X {Nt{dx) — tv{dx)) 

J |3l|<l 


□ 


Remark 3.10 This last integral exists in L^, and hence /|| 3 ,|<i} \x'\^ ^{dx) < 00 . 

□ 

It remains to characterize the continuous part: We will show that it is necessarily Gaussian Levy 
process, i.e. that each X^ is Gaussian. For this, it suffices to show this for each one-dimensional 
projection (a well-known property of the Gaussians^^). In other words, we must show that^^: 

Lemma 3.11 Let Bt be a one-dimensional centered Levy process with continuous sample paths. 
Then there is € M'*' such that 

Proof: A Levy process without discontinuities has moments of all orders, by Gorollarv 11.51 If 
= 0 for all t > 0, then the problem is solved. If not, we can assume that K[B — t‘^] = t, 
by multiplying the process by a constant. Note that = at + bt^ + ct^\ It suffices to put 

E[e*“^‘] = , to differentiate four times at the origin {^^{u) is of the class like g^t{u)) 

and to observe that ip^O) = 0.^® Now let P := {0 = to < < • • • < = ^} be a partition of 
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[0,t] whose step size supj{(tj+i — tj) will tend to 0. We denote by Atj the quantity tj+i — tj, 
and by ABj the quantity -Bq+i — Bt^. We then have 


- 1] = E 

j 

= iu^E 


iuBt - I 1 iuBt ■ 
e — e •? 






j 

Ju{Btj+djABj) _ ^iuBtj 


where the 6j are numbers between 0 and 1, by the second order Taylor formula. In the second 
line, the first term is zero: ABj has zero expectation, and is independent of Bt.. 

The second term equates to —^u^Y2jTtj{'u)Atj, and thus tends to ds as 

the step size tends to 0. 

The third term tends to 0: Let be the event 

Aa := < sup sup \Bu — By \ < a > 


The third term can therefore be bounded by^® 

^\uf f a(^A5|)dE + 

thus^’^ by 


u\ 


Y dF 


^^a\ufEY ^B]] + |u|2 v/p(I^ . /e[(^ AB]y 


thus, taking into account the evaluation of E[i?^], by ^a\u\^t + y^¥{A^){0{t + 1 ^)) 2 . Finally, 

note that that the continuity of the sample paths implies that, as the partition gets finer, 
P(Aq) —)■ 0. The expectation of the third term has limit < ^a\u\^t, and thus converges to zero. 
We therefor obtain the equation; 

g-ibW_l = _ 1^2 


which identifies '4’iu) with 


l.,2 38 


3.4 The Decomposition Theorem 

Theorem 3.12 (A) Let X be an n-dimensional Levy process. Then 


Xt — Bt + tK 


Xi — xNi{ dx) 

J\x\>l} 


+ / X Nt{dx) + / x[Nt{dx) — tv{dx 
J{\x\>l} J{\x\<i} 


where 
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• Bt is a centered Gaussian Levy process with a.s. continuous sample paths. 

• Nt{dx) is a family of Poisson processes, independent of Bt, with Nt{A) idependent of 
Nt{B) if AnB = 0, and with v{dx) = E[A^i(dx)]. 

• v{dx) is a positive measure on — {0}, with f \x\^ A 1 u{dx) < oo. 

• The first stochastic integral is in the sense of L^ and the second in the sense L^. 

(B) Formula for the law^®: Under these conditions, 

if{u) = 

= ^Q{u)-i{a,u)+ [ 1 - + / 1 - + i{u,x) ly(dx) 

J{\x\>l} J\x\<l} 

where Q is a positive definite quadratic formf^ on M"', a € M"", and v{dx) is as in (A). 

(C) Conversely, given Q,a,u as in (B), here exists a Levy process whose law is given by the 
formula in (B). 

(D) The representation in (B) is unique. 

Proof: To summarize the preceding, (B) is obvious. (D) The uniqueness of the decomposition 
is clear by constructions. For the law, put 

:= ^Qj{u) — i{aj,u) + [ (1 — Vj^dx) + [ 1 — + i{u,x) Vj{dx) 

J{\x\>l} J{\x\<i} 

where Qj,an, Vj are as in (B), and j = 1, 2. Let y be a unit vector in M"':x lim = hQj(y), 

S^OO ® ^ J ' ' 

for lim = q, and the same for the integral terms, by dominated convergence^^ if 

S^OO ^ 

therefore determines Q. We will determine all the projections of v (let us suppose that the 
Levy process is one-dimensional)^^: 

fU+l p 

fjiu) - iQ(u) - i / f;{v) - ^Q{v) dv = - u{dx) 

Ju-l J 

The lefthand side therefore determines (Bochner) the (positive) measure (1 — ^^) ^{dx), and 
thus u, because (1 — ^^) > 0 on M — {0}. Now a can be identified by subtraction. 

(C): For each t, and are positive definite^^, thus the equation 

(B) dehnes^^ a continuous function if f |xp A 1 v{dx) < oo, with each being positive 

dehnite, and thus, according to the observations following the hrst paragraph, defines a Levy 
process. 

H 

Remark 3.13 We have shown, without studying this process, that the cadhag version of a 
Brwonain motion is a.s. continuous! In effect, ^^{u) = —\u^ defines a Levy process in in the 

V? 

sense of Definition o because for each f, e * 2 is positive dehnite. We regularize, remove the 
jumps, and obtain a formula (B). Uniqueness shosw that u{dx) = 0, a = 0, and thus there are 
no discontinuities! 

□ 
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Notes 


^I.e. for all «i,..., Mfc the k x fc-matrix — Uj))ij is non-negative definite. 

Because then Xs —>■ 0, and sequence of random variables which converges in distribution to a constant also 
converges in probability to that constant. 

Every martingale has a cadlag modification. 

has unique left- and right limits ass^t or along S. If, e.g. we two have sequences 


S !->■ 




a and (oj) —>■ b, then 


V’sn (“) 


Vt{u) 


and 


Vs' (“) 




ips(n) 

Sn f t and s'„ f t such that Xs„ (cu 
so that 

® If = 1 for all u, then X has law do by Levy inversion. So P(X = 0) = 1. 

® We use here the Levy-Doob Downward Theorem: If Z is an integrable R.V. and Qn 1 G, then K[Z\Gn] 
E[Z|5] a.s. and in D. 

^ We see that E[e* ^ |Xt] = a.s. forallMj,Sj. Now the collection Af := Ej > 

Uj,Sj} is closed under multiplication and conjugation. If 'H ~ {Z : E[X|Xt+] = E[X|Xt]}, then H is a vector 
space closed under bounded pointwise convergence. Hence H contains every (T(Al)-measurable function — this 
is the monotone class theorem for complex-valued functions — cf. Bichteler Stochastic Integration with Jumps, 
Exercise A.3.5. 




= E 


IaU 

m — 

IaU 


M 


T+tj ‘PT+t. 


1 ^T+tj_i 'pT+tj_i ^ 





n ‘Pr+t„, I ^ 


V 5 T+t,_i 

M^rn 



vlTt!Zl ^ ® \TT+trr,-l 


= 1. Apply m times. 


^+*Tn —1 

® With A — Q,, the formula shows that the law of {Xt)t and {Xr+t — XT)t are the same. 
^°Choose b s.t. 0 < 6 < —Then < 1, so Now 

E[g6|Jftl] = ^E[e'’'^*'|2(n- 1)M < \Xt\ < 2nM]P(2(n - 1)M < \Xt\ < 2nM) 

n 

^ \ '' 2nMb n — 1 1 \ ^ / 2bM \r, 

<^e a =-2^(e a) 


< oo 


Finally, E[e''l'^*l] > so E[|XtP] < oo. 

By induction, T„ has density function t e~°*, so 


P(r „+1 > t,Tn < t) = / P(T „+1 -Tn\t - s|r„ = s)^- —e ds = 

Jo 


(n-1)!' 


L 


t n n—1 

— a(t — s) ^ ^ —as 

e ^ ^ -rre 


(n-1)! 


n .n 

at 

as = ——e 


12 \ \ ^ —at(l —^ Aus\2 

As on p.l, Kolmogorov’s theorem guarantees the existence of a stochastic process with the correct law, and 
Theorem 1.2 guarantees the existence ofa cadlag version thereof. 

Using the characteristic function Efe*“^*l = differentiating w.r.t. u, it is easy to see that 

E[Xt] = at = Var(Xt). 

^®Doob’s -inequality. Moreover the product of two L^-variables is in A, by Holder’s inequality. 

It follows from the theory of capacities and analytic sets that if cr is a stopping time, B a Borel set and Y a 
progressively measurable process, then r := inf{t > a : Yt £ B} is a stopping time, provided that the filtration 
satishes the usual conditions. Now if X is cadlag adapted, then AX X — X_ is progressively measurable. 

/ has a discontinuity of the second kind at t if one of the limits lim/(s), lim/(s) does not exist. In this 

stt S^t 

case, there would be inhnitely many jumps of amplitude > £ by time t, for some e > 0. 

If X is a Poisson process with parameter a, then E[Xi] = a; cf. footnote 1141 
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^®Note that if Ej= ^b, then /(AXsg(„))7{sg(„)<t} = /(AX^m („))7{sm for some j,m, and con¬ 
versely. Hence E„>i/(AXsg)7{sg<t} = E„>i Ej /(^^sg <t}- Nowif/ = E^ then/g/(a:) Nt{dx) = 

Ej ajNt{Bj) = J2j a-i En>i hs^.<t} = En>i Ej ajhs^.^t} = En>i Ej /(^-^sg = E„>i /(AXsg)7{sg<t}. 

^°If fk ^ f uniformly, where the fk are step functions, then jgfk{x) Nt{dx) —^ Nt{dx) a.s., by 

dominated convergence. Hence En>i fk{^Xs^)I{s^<t} —^ /g f{x) Nt{dx) a.s. But for t,u), each sum 
En>i /fc(^-^sg(w))7{sg(„)<t} has a.s. only finitely many terms, so 

E„>i /fc(AAsg(a;))7{sn(„)<tj E„>i /(^^sg(‘u))7{sn(„)<tj. 

^^Because A has stationary increments, we have limP(|Xt— Xs| > e) = limP(|Au| > e) = limP(|At — As| > e). 

st* li-l-O s^t 


Since X is cadlag, Xu 0, as it 4- 0, and hence also Xu A 0. 

^^The process Z defined by - Zt+s - Zt has the same law as Z, by the Strong Markov property. E.g. 
As (77) is number of jumps A has in B between times t and s -I- t, and this has the same law as Xs{B). 

^^Because t^(77) E[Ai(73)], it follows that E[At(77)] = ti/(73): By stationary independent increments it 

is clear that for natural numbers p,q we have E[Ap(73)] = pv{B), and that E[Ap(73)] = gE[Ap(73)], so that 

q 

E[Ap(7?)] = -v{B) for any non-negative rational -. Now by the cadlag property, Nt{B) = lim Nr{B), so 

g 9 r^O.rlt 


dominated convergence yields E[At(77)] = tv{B). 


^Observe that E 




E,a?E[iVt(73,)2] = 


using footnote 1141 

^®Choose a sequence fn of step functions so that |/„ — /| < 2“". Put Z ;= Jgf{x) Nt{dx), Zn := 
Ib fn{x) Nt{dx). By dominated convergence, we have \Z„{uj) — Z{uj)\ < fg \f„{x)—f{x)\ Nt{dx,u!) < 2~’^Nt{B) —> 
0, so by dominated convergence E[Z„] —> E[A]. Similarly, Jg fn{x) v{dx) —>■ J f{x) v{dx). Since E[Z„] = 
t fgfn(x) v{dx) —>■ t fgf(x) ^{dx), we obtain E[Z] = t Jg/(x) ^{dx). Similarly, let Y := Jgf{x) Nt{dx) — 
t Jg f{x) v{dx), Yu ■■= Jg fn{x) Nt{dx) — t Jg fn{x) v{dx). Then \Y„ —Y\< 2~"{Nt{B) + tv{B)), so by dom¬ 
inated convergence E[|y„ — Ap] 0, so E[y,^] —>■ E[y^]. Similarly, JgfnixY v{dx) —>■ Jg/(x)^ v{dx). Now 
E[y^] =t Jg fn{xY v\dx) -^tjg f{xY v{dx). 

^®The Doob -inequality. 

direct consequence of Lemma 13.51 

^^Suppose that A7„ := Mf^ig for some sequence fn £ L^{dv), and that {M„)„ is a Cauchy sequence in Hb- 
Then by (*), {fnlB)n is Cauchy in D{dv) and thus converges to some / = fla- By (*) again. Mu Mfig in 


77s. 

^®The compensated Poisson processes {Nt{A))t, where A is a Borel subset of 73, generate 77s: Each fls G 
D{dv) is a limit of step functions Ej o-jIaj, where Aj C 73. Then Jg f Nt{dx) — t Jg f{x) v{dx) is a limit of 

Ej o,jNt{Aj). 

^'’Recall a result of Kac, which states that two random variables Y, Z are independent iff = 

E[e*<’^A>]E[e*CA>] ^11 u,i;. 

Using independence, qt{Y.„,<k<uMBk)) = Y.m<k<uWt{Bkf] = i/u„,<j,<„s, 1*1^ 

0 as m —>■ oo. Hence the (sequence (y(A„))„ corresponding to the) series Efci^(^fc) i® Cauchy in M, and 
thus converges to some A"^ € M. Moreover, using dominated convergence and the fact that the Y(A„) are Levy 
processes, we obtain (i): E[e*^“’^*+'®“'^* ^ |-Ft] = lim„ | = 

>], which shows that A'* has independent increments, and (ii): E[e®^“’^*+'>“^* = lim„ E[e*^“’H+''l^”l“T!(^n)>j 

lim„= E[e®^“’^'*^], which shows that A'* has independent increments. 

3^Note that Y(A„) = {Nt{dx) —tv{dx)), and that X’^ = lim„y(A„) 

33We start with three observations, (i): First observe that if (At)t is an n-dimensional Levy process and A is a 
m X n-matrix, then AA is an m-dimensional Levy process: For |At] = E[e*^^ u.Jft+s-.’Ct) | jr^j _ 

E[e*^^ -pAs)] _ shows that AA has independent stationary increments, (ii): Next recall that an 

n-dimensional random vector Y is multivariate Gaussian if and only if each linear combination A^A is univariate 
Gaussian, for any A £ R". (iii): Finally, if {Zt)t is a n-dimensional Levy process such that each random vector Z is 
multivariate Gaussian, then {Zt)t is a Gaussian process: For each linear combination E^i ^kZt^. can be written 
as a linear combination of independent normally distributed random vectors E^i ^kZt^. = EfcLi ' 1 k{Zt^. —Zt^_^) 

(where jk ~ 'YlJLk^i •” 0), so that each linear combination TJJJi^kZt^. is Gaussian, i.e. {Zt)t is a 

Gaussian process. Having made these three observations, we now proceed: Suppose that A = {Xt)t is an n- 
dimensional Levy process with continuous sample paths. Then each linear combination A^^ A is a one-dimensional 
Levy process (by (i)) with continuous sample paths. If we can show that, for each t and A, the random variable 
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Xt is Gaussian, then by (ii) each random vector Xt is multivariate Gaussian, so by (iii) {Xt)t is a Gaussian 
process. Thus it suffices to show that whenever B is a one-dimensional Levy process with continuous sample 
paths, then each random variable Bt is Gaussian — just take Bt = Xt- 

®^Here is another proof of Lemma EtB which uses the Levy characterization of Brownian motion. Suppose 
that Xt is a d-dimensional Levy process with continuous sample paths. Then it has moments of all orders, by 
Gorollary 11.51 In particular, the process Xt — E[Xt] is a continuous martingale centered at 0. We now show 
that any centered continuous Levy process is a Brownian motion in the loose sense: Gomponents need not be 
independent, but are multi-variate Gaussian. 

So let Xt = (Xy\ .. ., be a centered Levy process with continuous sample paths. Let A be the 

non-negative definite symmetric d x d-matrix defined by 

Aij = 

where Xt = {X^^\ ... ,X^‘^^). We claim that the quadratic covariation process of and X^^^ is given by 


[X(*\x(^^]t =Atjt 

Recall that E[e*^“’^*^] = for some ip : —>■ C with ip(0) = 0. Since Xt has moments of all orders, the 

function ip is C°°. Moreover, since E[Xf*^] = 0, we have | = g, and thus that V’('w) = 0 

also. It now follows easily that 


E[xf)xp')] = - 


a" 


L=o 








ip{u) = t E[XfWl 


W vO')l 


i.e. that 

E[xf 

To show that [X^''\ X^^'^\t = Atjt, it suffices to show that x[^'^x[^'’ — Atjt is a martingale. By the fact that 
increments are independent with mean zero, we have 


= + xi"'>{x^^'> - xi^'>) + 

= E[(X« - 


Taking expectations on both sides shows that 


It follows that 

E[XI'^X^J^ - = E[X^/'>X^/^ - = Aij{t - s) 

and thus that xj^'^Xf^^ — Atjt is a martingale. 

Now, for A € let Zt = (A, Xt). Then Zt is a centered continuous one-dimensional martingale. Using the 
fact that the covariance process bracket operation is bilinear, we see that the quadratic variation of Zt is given 
by 

[Z% = {X,A\}t 

Hence, by Levy’s characterization, Zt is a Brownian motion with variance parameter (A, HA) (i.e. Zt ~ 
N{0, (A, HA) t)). It now follows that 

which proves that Xt is a d-dimensional Brownian motion with covariance matrix H. 

Now if X is a Levy process with continuous sample paths, then Xt — E[Xt] is centered, and thus a Brownian 
motion. If we define 7 = E[Xi], then E[Xt] = 7 t, and so E[e*^“’^* t symmetric 

non-negative definite matrix H. We have proved: 

Theorem 3.14 Suppose that Xt is a Levy process with continuous sample paths. Then there exists 7 £ R"* and 
a symmetric non-negative definite d x d-matrix A such that 

j _ t-^{u,Au) t 


Hence Xt is a d-dimensional arithmetic Brownian motion with drift 7 and covariance matrix A. 
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□ 


®®For n > 1, we have E[i3"] = i "^-s-|u=oe Here the t"'-term will have coefficient 

a„ = (-^'( 0 ))" = 0 . 


Observe that 




iu{Bt^ +0J ASj ) iuBt. 

J — C ' 


)] ^ ^ | dF 

3 

< i|u|^ [ ^ AB||U0, AB,| d¥+^\uf f ^ Ai3= • 2 

J Ary A 3 A^ A 


dF 


38 _ 

39rj 

40; 


using the facts that |e*^| < \h\ and that |e*^ — 1| < 2. Now \u6jABj\ < a\u\ on Aa 

Ia^ ~ by the Cauchy-Schwarz or Holder inequality. 

®This is the Levy-Khintchine formula for the characteristic function of an infinitely divisible distribution, 
'^i.e. Q{u) = u^TjU for some symmetric positive dehnite matrix E. Here, S is the covariance matrix for the 
continuous Gaussian part. 

“^^It is useful to observe that for any 0 € R and n € N, we have |e*® — I < This follows 

immediately from the identity e*® = X]fe=i 'TT—f (n-i)\ Jq ~which may be proved using induction 
and integration by parts. 

Recall that |xp A 1 in i/-integrable. On {|x| > 1} we have A' * < ^ < 2 for s sufficiently large, 

and 27{|3 .|>i} is i/-integrable. On {|x| < 1} we have ^ ^ < \x\^, and |x|^/{| 3 ,|<i} is 

i/-integrable. In both cases, we have domination by a rz-integrable function. 

For the one-dimensional case, we have 


ru+1 

i>{u) - i / V’(«) - |Q(w) dv 

Ju-1 

nu+1 n 

mx/{|a,|<i}:/(dx) — i / —iav+ / 1 — — ivxl^\j:\^iyiy{dx) dv 

J u—1 J R 


ru+1 

fu-1 

• I / 1 iux 

= —lau + I 1 — e — 


j 

r-,a.+ fl 

J-1 Jr 

f aiv+ f 
J-1 Jr 

I'I 

J-1 JR 


— — / —ia{u-\-v)-\- 1 — e 


/■ 


/ 


i{u-\-v)x 


— i{u + u)x 7 {| 2 ,|<i}i/(dx) dv 


, iux i(u4-v)x 

— (e — e ^ ^ 


) + {iux — i{u + u)x) 7 {| 3 ,|<i} v{dx) dv 


e*“^(l — 6 *”“^) + fux 7 {| 3 ;|<i} v{dx) dv 


But, using the inequality derived in footnote 1411 — 6 *’'“’) + iux 7 {| 2 ;|<i).| is < 2 on {|x| > 1}, and is < 

|e»-|.|i-e““^+iux| + |iraMl-e“"| < i|unx|2+|u||x||ux| =K\xfon{\x\ < 1}. Hence e™"(l-e“")+iux7{|,|<i} 
is u{dx) (g) du-integrable, so Fubini’s Theorem applies: 

“I / f e’''^^{l — +ivxI^\x\^ly u{dx) dv 

J -1 Jm 

= —I f f 1 — + iux7{|2,|<i} du i/((7x) 

Jr j -1 

= - [ (1 - n{dx) 

Jr 

Hence —ijj{u) + |Q(u) is the Fourier transform of the positive measure p{dx) := (1 — v{dx). By Fourier 
inversion, p is determined by ip and Q. Since ip determines Q, we see that p, hence n, is determined by ip. 
^'^Each is clearly a characteristic function. 

Again, using the inequality of footnote [4TJ we have |1 — | < 2 on {|x| > 1} and < ||up|x|^ on {|x| < 1}, 

so if J |xp A 1 v{dx) is finite, both integrals in (B) are defined. 


















